
Abstract— Support Vector Machines (SVMs) are effective for classification but can be 
sensitive to noisy data. To enhance the model’s robustness to noise and uncertainty, Fuzzy 
Support Vector Machines (FSVMs) have been developed. The existing FSVMs predominantly 
focus on fuzziness in class labels while considering feature vectors as crisp, which limits their 
usefulness. The paper addresses this limitation by introducing FSVMs that handle fuzzy 
feature vectors. It also derives optimality conditions for these FSVMs using Fuzzy Karush-
Kuhn-Tucker (KKT) conditions and provides a comprehensive overview of the KKT 
conditions for two-class SVMs and FSVMs. 

Keywords—KKT optimality conditions, Fuzzy Optimization, FSVM, SVM. 

I. INTRODUCTION

Support Vector Machine (SVM) is a robust Statistical Learning Theory (SLT) based supervised 
learning algorithm used for classification of data and regression introduced by Vapnik, Stitson et al. 
[5], Vapnik et al. [8]. The key objective in a two-class SVM is to determine the best hyperplane that 
optimizes the margin between the two classes, Tsang et al. [7]. The traditional SVM often struggle to 
maintain high classification accuracy in presence of outliers or noisy data. When a training data is 
identified as an outlier, it may be misclassified leading to significant distortion   in the decision 
boundary. To address this outlier problem, FSVMs were introduced. In FSVM, a membership value 
is assigned to each data point that reflects the degree of relevance of the sample to a particular class, 
Lin et al. [2]. 

In traditional FSVMs, the primary focus is on managing fuzzy membership values related to class 
labels, with feature vectors treated as crisp or deterministic, Tang et al. [6], Liu[3]. This approach 
restricts the model's ability to handle scenarios where feature vectors themselves are inherently fuzzy. 
Although many studies have explored integrating fuzzy memberships into SVMs, the application of 
fuzzy KKT conditions to FSVMs with fuzzy feature vectors remains underexplored. 

This paper addresses this research gap by presenting an overview of KKT conditions for two-class 
SVMs and developing fuzzy KKT conditions, Jamir and Mishra[1],Stefanini and Arana [4]. By 
extending the KKT framework to account for the fuzziness in feature vectors, our work aims to 
enhance the modeling and analysis of FSVMs in contexts where both features and classification 
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boundaries are subject to uncertainty. 

II. SVMS AS OPTIMIZATION PROBLEM 

In a two-class SVM where the training data set is represented by ൛൫𝑥௝ ,𝑦௝൯: 𝑥௝ ∈ ℝ௡,𝑦௝ ∈ ሼെ1,1ሽ, 𝑗 ൌ
1,2, … ,𝑚ൟ, the objective is to identify an optimal hyperplane that yields the maximal possible value 
of the margin. The margin represents the distance between the hyperplane and the support vectors 
called, which are the points at the closest proximity from both the class. We assume that a hyperplane 
with normal vector 𝜂  exists that can accurately separate the two classes. The distance of the closest 

vector 𝑥௝
௖ from the hyperplane is 

〈௫ೕ
೎ ,ఎ〉

‖ఎ‖
  which is the projection of 𝑥௝

௖ on 𝜂. The constraints are based 

on the sign of 〈𝑥௝ , 𝜂〉. If 〈𝑥௝ , 𝜂〉 ൐ 0 then 𝑥௝ is on the same side of the hyperplane as 𝜂 and if 〈𝑥௝ , 𝜂〉 ൏
0, then  𝑥௝ is on the opposite side. Thus,  

   𝑠𝑖𝑔𝑛൫〈𝑥௝ , 𝜂〉 ൅ 𝑏൯ ൌ 𝑠𝑖𝑔𝑛ሺ𝑦௝ሻ 

   ⟹ ሺ〈𝑥௝ , 𝜂〉 ൅ 𝑏ሻ. 𝑦௝ ൒ 0, here b is the bias 

By scaling 𝜂 such that 〈𝑥௝
௖ , 𝜂〉 ൌ 1  and considering the misclassification measure 𝜉௝ the 

optimization model becomes- 

Minimize 
‖ఎ‖మ

ଶ
൅ ∑ 𝜉௝

௠
௝ୀଵ  

Subject to ሺ〈𝑥௝ , 𝜂〉 ൅ 𝑏ሻ. 𝑦௝ ൒ 1 െ 𝜉௝       (1) 

III. KKT CONDITIONS FOR SVMS 

KKT conditions are fundamental in SVM formulation providing the necessary conditions and 
framework for determining the optimal hyperplane. By incorporating Lagrangian multipliers 𝜆௝’s and 
applying KKT conditions, we can express the dual of the problem described in equation (1) as follows: 

ℒ൫𝜂, 𝑏, 𝜆௝൯ ൌ
‖𝜂‖ଶ

2
൅෍𝜆௝ ቀ1 െ 𝑦௝൫〈𝑥௝ , 𝜂〉 ൅ 𝑏൯ቁ

௠

௝ୀଵ



  ൌ ∑ 𝜆௝
௠
௝ୀଵ െ

ଵ

ଶ
∑ ∑ 𝜆௜𝜆௝

௠
௝ୀଵ

௠
௜ୀଵ 𝑦௜𝑦௝〈𝑥௜ , 𝑥௝〉  

Subject to 𝜆௝ ൒ 0, 𝑗 ൌ 1, 2, … ,𝑚 

 ∑ 𝜆௝
௠
௝ୀଵ 𝑦௝ ൌ 0   

And we can obtain the optimal margin as- 

  𝜂 ൌ ∑ 𝜆௝𝑦௝𝑥௝
௠
௝ୀଵ   

IV. FSVMS 

The conventional FSVM enhances the standard SVM framework by incorporating a fuzzy 
membership value for each data point, representing the confidence in the accuracy of its label. 
Although the data points themselves are not inherently fuzzy, this method mitigates the impact of 
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outliers by assigning them lower membership values, thereby diminishing their impact on the decision 
boundary and improving the model's robustness. 

Thus, in a two-class FSVM the training data set is represented by ൛൫𝑥௝ , 𝑦௝ , 𝜇௜൯: 𝑥௝ ∈ ℝ௡,𝑦௝ ∈
ሼെ1,1ሽ, 𝜇௜ ∈ ሾ0,1ሿ, 𝑗 ൌ 1,2, … ,𝑚ൟ. The objective is to identify an optimal hyperplane while 
minimizing the influence of outliers on the margin. This is accomplished by incorporating the 
membership value into the error term 𝜉௝. Consequently, the error term has a reduced effect on the 

objective function for outliers. The FSVM model is formulated as: Minimize 
‖ఎ‖మ

ଶ
൅ ∑ 𝜇௜𝜉௝

௠
௝ୀଵ  

Subject to ൫〈𝑥௝ , 𝜂〉 ൅ 𝑏൯. 𝑦௝ ൒ 1 െ 𝜉௝ 

𝜉௝ ൒ 0, 𝑗 ൌ 1, 2, … ,𝑚 

Let us now consider the case when each feature vector is represented by a fuzzy number.  

A. Fuzzy Number 

A fuzzy number 𝑧̃ is a fuzzy set characterized by a membership function that is normal and satisfies 
the additional conditions of upper semi-continuity and convexity. Furthermore, for every 𝛼𝜖ሾ0,1ሿ, 
the 𝛼 െ 𝑙𝑒𝑣𝑒𝑙 set of 𝑧̃  is compact  

If ℱ  is the set of all fuzzy numbers then, for any 𝑧𝜖ℱ,   ሾ𝑧̃ሿఈ= [𝑧̃ఈ , 𝑧̃ఈ  ሿ. 

In this case, the training data set is represented by ൛൫𝑥ఫ෥ ,𝑦௝ , 𝜇௜൯: 𝑥ఫ෥ ∈ ℱ,𝑦௝ ∈ ሼെ1,1ሽ, 𝜇௜ ∈ ሾ0,1ሿ,
𝑗 ൌ 1,2, … ,𝑚ൟ. And the FSVM model becomes- 

Minimize 
‖ఎ‖మ

ଶ
൅ ∑ 𝜇௜𝜉௝

௠
௝ୀଵ  

Subject to ൫〈𝑥ఫ෥ , 𝜂〉 ൅ 𝑏൯. 𝑦௝ ൒ 1 െ 𝜉௝ 

𝜉௝ ൒ 0, 𝑗 ൌ 1, 2, … ,𝑚 

V. FUZZY KKT CONDITIONS FOR FSVMS 

B. Theorem 

A totally differentiable fuzzy objective function 𝑓෩ : ℝ௡ → ℱொwith differentiable constraint 
functions 𝑔௝′𝑠 has a non-inferionsolution 𝑥ூ∗  if  ∃𝜆௝ሺ𝛼ሻ,  𝑗 ൌ 1,2, … ,𝑚  such that the following 
conditions are met for every 𝛼𝜖ሾ0,1ሿ and 𝑗 ൌ 1,2, … ,𝑚 - 

i) ∇ሺ𝑓ሚఈ ൅ 𝑓ሚఈ)( 𝑥ூ∗ ሻ െ ∑ 𝜆௝ሺ𝛼ሻ∇𝑔௝ሺ𝑥ூ∗ ሻ ൌ 0௠
௝ୀଵ          

ii)  𝜆௝ ሺ𝛼ሻ𝑔௝ሺ𝑥ூ∗ ሻ ൌ 0  

iii)  𝜆௝ሺ𝛼ሻ ൒ 0                                                      

Using the above Theorem, 

 ℒሚ൫𝜂, 𝑏, 𝜆ଵ௝ , 𝜆ଶ௝ , 𝜉௝൯ ൌ
‖ఎ‖మ

ଶ
൅ ∑ 𝜇௜𝜉௝

௠
௝ୀଵ െ ∑ 𝜆ଵ௝ ቀ1 െ 𝜉௝ െ 𝑦௝൫〈𝑥ఫ෥ , 𝜂〉 ൅ 𝑏൯ቁ െ ∑ 𝜆ଶ௝

௠
௝ୀଵ

௠
௝ୀଵ 𝜉௝
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ൌ
‖ఎ‖మ

ଶ
൅ ∑ 𝜇௜𝜉௝

௠
௝ୀଵ െ ∑ 𝜆ଵ௝ ቆ1 െ 𝜉௝ െ 𝑦௝ ൬〈൤𝑥ఫ෥ఈ , 𝑥ఫ෥ఈ  ൨ , 𝜂〉 ൅ 𝑏൰ቇ௠

௝ୀଵ െ  ∑ 𝜆ଶ௝
௠
௝ୀଵ 𝜉௝

 ൌ
‖ఎ‖మ

ଶ
൅ ∑ 𝜇௜𝜉௝

௠
௝ୀଵ െ ∑ 𝜆ଵ௝ ቆ1 െ 𝜉௝ െ 𝑦௝ ൬൤〈𝑥ఫ෥ఈ , 𝜂〉 , 〈𝑥ఫ෥ఈ , 𝜂〉 ൨ ൅ 𝑏൰ቇ௠

௝ୀଵ െ ∑ 𝜆ଶ௝
௠
௝ୀଵ 𝜉௝

Thus,   


డℒሚ൫ఎ,௕,ఒభೕ,ఒమೕ,కೕ൯

డ௕
ൌ 0 ⇒ ∑ 𝜆ଵ௝𝑦௝

௠
௝ୀଵ ൌ 0

డℒሚ൫ఎ,௕,ఒభೕ,ఒమೕ,కೕ൯

డఎ೔
ൌ 0 ⇒ 𝜂௜ െ

∑ 𝑦௝𝜆௝ ൤〈𝑥ఫప෦ఈ
, 𝜂௜〉 , 〈𝑥ఫప෦ఈ

, 𝜂௜〉 ൨
௠
௝ୀଵ 0,ℎ𝑒𝑟𝑒 𝑥௝௜  𝑟𝑒𝑝𝑟𝑒𝑠𝑒𝑛𝑡 𝑖௧௛ 𝑐𝑜𝑚𝑝𝑜𝑛𝑒𝑛𝑡 𝑜𝑓𝑥௝

⇒ 𝜂 ൌ෍𝑦௝𝜆௝ ൤𝑥ఫ෥ఈ , 𝑥ఫ෥ఈ  ൨

௠

௝ୀଵ

 

And, 
డℒሚ൫ఎ,௕,ఒభೕ,ఒమೕ,కೕ൯

డకೕ
ൌ 0 ⇒ ∑ 𝜇௜ ൅ 𝜆ଵ௝ െ 𝜆ଶ௝

௠
௝ୀଵ ൌ 0 

Applying this to (5) we get, 

Maximize ℒሚ൫𝜂, 𝑏, 𝜆ଵ௝ , 𝜆ଶ௝ , 𝜉௝൯ 

ൌ െ൜
ଵ

ଶ
∑ 𝑦௝𝜆௝ ൤𝑥ఫ෥ఈ , 𝑥ఫ෥ఈ  ൨௠
௝ୀଵ ൅ ∑ 𝜇௜𝜉௝

௠
௝ୀଵ െ ∑ 𝜆ଵ௝൫1 െ 𝜉௝൯

௠
௝ୀଵ െ ∑ 𝜆ଶ௝

௠
௝ୀଵ 𝜉௝ൠ    

 ൌ ∑ 𝜆ଵ௝
௠
௝ୀଵ െ

ଵ

ଶ
∑ 𝑦௝𝜆௝ ൤𝑥ఫ෥ఈ , 𝑥ఫ෥ఈ  ൨௠
௝ୀଵ     

 ൌ ∑ 𝜆ଵ௝
௠
௝ୀଵ െ

ଵ

ଶ
∑ ∑ 𝑦௜𝑦௝𝜆௜𝜆௝ ൤𝑥ప෥ఈ  𝑥ఫ෥ఈ , 𝑥ప෥ఈ   𝑥ఫ෥ఈ  ൨௠

௝ୀଵ
௠
௜ୀଵ  

Subject to 𝜆ଵ௝ ൒ 0, 𝑗 ൌ 1, 2, … ,𝑚 

 ∑ 𝜆ଵ௝
௠
௝ୀଵ 𝑦௝ ൌ 0 

Thus for optimal 𝜆ଵ௝
∗  we can obtain the optimal hyperplane using- 

 𝜂∗ ൌ ∑ 𝑦௝𝜆௝ ൤𝑥ఫ෥ఈ , 𝑥ఫ෥ఈ  ൨௠
௝ୀଵ   

VI. CONCLUSION 

This paper advances Fuzzy Support Vector Machines (FSVMs) by incorporating fuzzy Karush-
Kuhn-Tucker (KKT) conditions for feature vectors. Our approach enhances FSVMs by integrating 
fuzziness into both feature vectors and classification boundaries, providing a more robust framework 
for handling uncertain and imprecise data. This work paves the way for future research and practical 
applications in domains where both features and labels exhibit inherent fuzziness. 
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