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Abstract—Queuing systems have been studied using various tools of optimization where we try 
to balance two contrary costs, the waiting cost and the cost of service. The decrease in service 
rate causes loss of customers through reneging. On the other hand, the increase in service rate 
increases the cost of operation. In this paper, we develop a total cost function that takes into 
account the cost incurred from reneging and the cost incurred due to maintaining the server 
operation. We then employ this as a reward function for our Q-learning model. The Q-learning 
model in this paper takes integer service rates as states and the increase or decrease of service 
rates by some step size as action. This algorithm gives us the optimal service rate. Furthermore, 
we use a numerical problem to demonstrate the same. Through this paper we show the reader 
how machine learning can be used to solve optimization problems in queuing models. 

Keywords—Queuing systems, Reinforcement Learning, Q-Learning, reneging, cost of operation. 

I. INTRODUCTION

Researchers have tried to understand the phenomenon of reneging and how to optimize their service 
rates to control reneging. To this effect, they have used many tools, and many studies have been 
performed. Kumar & Sharma study a finite waiting space single server Markovian queuing model 
where they develop an expression for the rate of abandonment and also develop a model for the 
retention of reneging customers [1]. Sharma et al. use an adaptive queuing model to control reneging 
[2]. Wang and Zhang studied a multi-server queuing system with a finite calling population where the 
strategic behaviour of the server is used in order to control balking and reneging, but they don’t 
involve the use of any machine learning algorithm [3]. Queuing models, however, have been studied 
using machine learning before. Kyritsis and Deriaz used machine learning to predict waiting times 
[4]. Yao et al. use machine learning to propose routing schemes for load balancing [5]. Garbi et al. 
use a compact system of ordinary differential equations; they further encode these equations into a 
recurrent neural network [6]. Zhang et al. perform a forecasting of EV load using deep learning [7]. 
Benevento et al. design a new queue-based variable that captures the state the emergency departments 
are in in order to improve the prediction accuracy of waiting time [8]. Petrovic et al. used some 
recurrent neural network architectures for predicting the expected intensity of arrivals [9]. Thus, we 
see that machine learning has been effectively used to study queuing systems and queuing networks. 
In this work, Q-learning, a type of Reinforcement Learning, is used to deal with the stochastic nature 
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of the number of reneging customers, and a model is proposed that will help the server decide the 
optimal rate of service. We set up a Q-learning model by discretizing the service rates, these service 
rates are taken as states that the Agent (server) can be in. The actions that the agent can take in each 
state are to either increase the service rate or to decrease the service rate, and that will incur him some 
reward, which we take as the negative total cost function. This way the agent can decide at each state, 
from the Q-table, whether he should increase the service rate or decrease the service rate. Hence, from 
the Q-table, we can decide which state (service rate) is optimal. The paper further goes on to give an 
example to illustrate the operation and effectiveness of the model.  

II. MODEL FORMULTION 

A. Notations and Symbols 
𝜇 ൌ service rate  
𝑟ఓ ൌ number of reneging customers when the service rate is 𝜇 

 𝑟ఙ ൌ standard deviation of the reneging customers.  
𝑐ఓ ൌ the cost of operation when the service rate is 𝜇 

𝑝 ൌ the profit from each customer 
𝜔ଵ ൌ the weight assigned to the total cost due to reneging 
𝜔ଶ ൌ the weight assigned to the total cost due to cost of operation 
𝑇𝐶ఓ ൌ total cost when the service rate is 𝜇 

𝛼 ൌ the learning rate 
𝛾 ൌ the future discount rate 
𝜖 ൌ the exploration rate 
𝑒𝑝 ൌ the number of episodes 
𝑆 ൌ the state space 
𝑆ᇱ ൌ the terminal state space 
𝐴 ൌ the action space 
𝑅 ൌ reward 
𝑄ሺ𝑠,𝑎ሻ ൌ the Q-value corresponding to state 𝑠 ∈ 𝑆 𝑎𝑛𝑑 𝑎 ∈ 𝐴 
𝑀௦ ൌ the maximum number of steps in each episode  

B. Assumptions 

In this model, 
 We assume a general single server queue with any arrival and service process.  
 We assume that the reneging and cost of operation are both dependent on the service rate.  
 We assume that the number of reneging customers in each state follows a normal 

distribution. 

C. Model Description 

We first introduce the total cost function that we wish to minimize, we take a weighted sum of the 
costs that the system has to incur: 

1. the profit loss from reneging that reduces as the service rate increases and 
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2. the cost of operation which increases as the service rate increases.  

We write this as: 

𝑇𝐶ఓ ൌ 𝜔ଵ.𝑝. 𝑟ఓ ൅ 𝜔ଶ. 𝑐ఓ                                                 (1) 

We wish to find the optimal 𝜇 that minimizes this function. Due to the stochastic nature of 𝑟ఓ the 
total cost 𝑇𝐶ఓ also becomes stochastic. To properly capture this phenomenon and optimize the 
function, we take the help of Q-learning.  

Q-learning is an off-policy Reinforcement Learning method that uses data over long periods to 
give us an optimal policy. In this case, we will use it to identify what the optimal service rate is for 
the server that reduces his total cost. 

We start by defining our state space S (the discretized service rates) and take the smallest and 
largest service rates to be the terminal state space 𝑆ᇱ, the action space A (increasing and decreasing 
the service rate), and our reward (the negative total cost function). We then initialize a |𝑆|x|𝐴| matrix 
‘Q’, called the Q-table, with all zero entries.  

The agent then starts to interact with the environment over a number of episodes, the path that an 
agent takes in each episode is called a trajectory. The action ‘𝑎’that the agent takes in state ‘𝜇’ is 
based on an epsilon-greedy policy where, in state ‘𝜇’, the agent explores i.e. he chooses a random 
action according to the exploration rate ‘𝜖’; otherwise he exploits i.e. he goes with the action that 
gives him the greatest reward. The action that gives the greatest reward is the action corresponding to 
the highest Q-value corresponding to that state. After taking the action, the agent transitions to a new 
state ‘𝜇ᇱ’, where he gets a reward 𝑅 ൌ െ𝑇𝐶ఓ . 

The Q-value for the state action pair ሺ𝜇,𝑎ሻ i.e. 𝑄ሺ𝜇,𝑎ሻ is updated using relation (2). 

𝑄ሺ𝜇,𝑎ሻ⃪𝑄ሺ𝜇,𝑎ሻ ൅ 𝛼ሼ𝑅 ൅ 𝛾max
ୟᇲ
𝑄ሺ𝜇ᇱ,𝑎ᇱሻെ𝑄ሺ𝜇,𝑎ሻሽ    (2) 

The Q-learning flowchart for this particular model is given in Figure 1. 

Optimization and Artificial Intelligent Strategies for Engineering and Management

ISBN : 978-81-978522-2-0 44



 

Figure 1. Q-Learning Flowchart for the proposed model 

Using this we can find the optimal service rate 𝜇 that minimizes our total cost. 

III. ILLUSTRATIVE EXAMPLE 

Let us say, the maximum service rate(𝜇) of the queuing system is 20. Also, we take the following 
hypothetical data: 

 Service 
rate 

𝝁 

Expected number of reneging 
customers 
𝑬ሺ𝒓𝝁ሻ 

Cost of 
Operation 

𝒄𝝁 

Expected Total 
Cost 

𝑬ሺ𝑻𝑪𝝁ሻ 

0 42.294849 0.000000 317.2113675 

1 39.668156 10.000000 302.51117 

2 37.075809 28.284271 292.210703 

3 34.519234 51.961525 284.8750175 

4 32.000000 80.000000 280 

5 29.519846 111.803398 277.300544 

6 27.080709 146.969391 276.590013 

7 24.684776 185.202591 277.7371155 

8 22.334517 226.274170 280.6459625 

9 20.032763 270.000000 285.2457225 

10 17.782795 316.227753 291.484839 

11 15.588457 364.828735 299.327795 
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12 13.454343 415.692200 308.7536725 

13 11.386036 468.721680 319.75611 

14 9.390508 523.832031 332.3448255 

15 7.476744 580.947510 346.549335 

16 5.656854 640.000000 362.426405 

17 3.948222 700.927979 380.0756545 

18 2.378414 763.675354 399.675782 

19 1 828.190796 421.595398 

20 0 894.427185 447.2135925 

Table 1. The data for E (𝒓𝝁ሻ, 𝒄𝝁 and E (𝑻𝑪𝝁) corresponding to 𝝁. 

  Here, we take 𝛼 ൌ 0.01, 𝛾 ൌ 0.9, 𝜖 ൌ 0.1, 𝑆 ൌ ሼ1, … ,19ሽ, 𝑆ᇱ ൌ ሼ0,20ሽ, 𝐴 ൌ ሼെ1,൅1ሽ, 𝑝 ൌ 15,  

𝑒𝑝 ൌ 2000, 𝑀௦ ൌ 500, 𝜔ଵ ൌ 0.5,𝜔ଶ ൌ 0.5, 𝑟ఙ ൌ 2. 

A. Q-tables 

The Q table shows what is the action an agent should take given that he is in a certain state. 

The states in this scenario are the service rates, ranging from 1 to 19 and the actions are increasing 
or decreasing it by a step size of 1.  

We use the Q- Learning algorithm to obtain the following Q-tables at different number of episodes: 

 

 Table 2a                                                               Table 3b 

Table 4. Table 2a consists of the Q-table for state-action pair at 1000 episodes and at 2000 
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episodes in Table 2b 

The right column is the action of increasing 𝜇 by 1 and the left is the action of decreasing 𝜇 by 1. 
And the rows are the states(𝜇ሻ from 1 till 19.                          

B. Efficiency of the Algorithm 

The graph below tells us how the algorithm gets us closer to the optimal value as the number of 
episodes increase: 

 

Figure 2. The optimal service rate against the number of episodes 

After 2000 episodes the algorithm give us the optimal service rate as 4. From Table 1. One can 
also find out the expected minimum total cost which is 276.59 at service rate 6. 

CONCLUSION 

In this paper we solved an optimization problem and we found the optimal service rate that the server 
should maintain if he wishes to reduce his total cost. In this paper we have seen that Q-learning can 
help us map the problem and efficiently solve it; however, from Figure (2) we can see that it doesn’t 
always give us an accurate solution but only gives us a close estimate. From Table 1. we also saw that 
the expected optimal service rate is 6. However, the expected value doesn’t take into account the full 
diversity of the reneging phenomenon which the machine learning algorithm does. The Q-learning 
approach used in this paper can have many industry applications and will especially be useful in 
situations where obtaining analytical solutions is challenging. Reducing the learning rate and 
increasing the number of episodes would give us a more accurate result; however, that might require 
quite a bit of computing power. The requirement of a lot of data to get a more accurate result is a 
limitation of this method and might be impractical for situations where the data set is too high. 
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