UNIT — 1

Fourier Series: Introduction to Fourier series, Fourier series for
Discontinuous functions, Fourier series for even and odd function, Half
range series

Fourier Transform: Definition and properties of Fourier transform, Sine
and Cosine transform




CHAPTER 1

Fourier Series

Introduction: In many physical and engineering problems, especially in the study of
periodic function, it is necessary to express a real valued function in series of sines and
cosines, which can be expressed in the form.

%+alcosx+a20052x+ ...... +b sinx+b,sN2x+......

where  a,,a,,a,,....and b,,b,,....are some constants.

Periodic functions: A function f(X)is said to be periodic if f(x+1)=f(x), Vx
being a real number. If | is the least positive number called the period of the function
f(x).

For example: Sinx,CoSX,Sec X, Cosecx is a periodic function with period 27 .

. L : . .2
Also, sinnx,cosnx are periodic function with period —.
n

Trigonometric Series: A series of the form

a,+_(a,cosnx+b, sinnx)
n=1
is called atrigonometric series.
Some useful Definite Integrals: Let m and n be any two integers and the interval
(c,c+27). Then the following definite integrals are as follows:
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a+2r
0) J%z”sinnxdx:[—cosnx} =0, n=0
a n o

(i) I:ﬂ”cosnxdx:o, n=0

. . a+2rx
(iii) IMZ”sinmxsinnxdx:lrn(m_n)x—sm(ern)X} =0, m=n
o 2 m-—n m+n .
_ wi2n 1[sn(m-n)x sin(m+n)x e
(iv) _[ cosmx cosnxdx == + =0, m=n
o 2 m-—n m+n
(v) _[M "§n? nxdx_—_[M”(l—cosan)dx:;r, n=0
(vi) " s nxdx——J' ( +cos2nx)dx =z, n#0
a+2x
(vii) IMZ”smmxcosnxdx: { OS m+n X cos(m n)x} =0, m#n
a m+n m-n 3

a+2r
(viii) .[M smnxcosnxdx—[Sln nx} =0, n=0

a

(ix) J'eaxsinbxdx_ (asmbx b cosbx)

(X) I e cosbx dx =

Pa— (acosbx+bsinbx)

a“+b
(xi) sinnz=0and cosnz=(-1)", neN.

Fourier Series: The Fourier Series for the function f (X)in the interval (a, & +27)is
given by

o“’

f(x)= E+i (a, cosnx+b, sinnx)

where

1 a+2r
2 ¢ (x)d
a=—[, T
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1 a+2r
== f d
a, ﬂjg (x)cosnxdx

1 a+2n .
d b, =— f d
an . ”L (x)sinnxdx

Thevaluesof a,,a,,b, areknown as Euler’s Coefficients or Fourier Coefficients.

Proof: Let f (x)berepresentedintheinterval (&, a +27) by the Fourier Series:

f(x):a0+i(ancosnx+bnsinnx) (i)
n=1

To find the coefficients a,,a,,b, . We assume that equation (i) can be integrated term
by termin the given interval (o, +27).

Tofind a,: integrated both sides of (i), we get

J‘M” f(x)dx= a—z"j:+2” dx + I:+2”(i a, cosnxj dx + '[:+2”(i b,sin nxj dx
n=1 n=1

:ﬁ(a+2ﬁ—a)+0+0
=a,.7
Hence a, :EJ”M” f (x)dx
72' a

To find a, : multiply both sides of (i) by cosnx and integrating.

J‘M” f (x)cosnxdx = %jam cosnx dx +

a

a+27[ & a+27( & )
J. E a, cosnx | cosnx dx +j E b, sinnx |cosnx dx
a

“ n=1 n=1

=0+7a, +0

Hencea, = ljmz” f (x)cosnxdx .
w a

Tofind b, : multiply both sides of (i) by sinnxand integrating
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'[M” f (x)sinnxdx = %ja+2”sinnxdx+

a

a+2r [ & . a+2r [ & . .
'[ D a, cosnx smnxdx+J' D b, sinnx |sinnxdx
a =1 a

n=1
=0+0+7b,

Deductions: (i) Taking =0, then interval becomes 0 < x < 27 and (i) becomes

:—J' x)dx, a, ——I x)cosnxdx, b, = j x)sinnx dx
(ii) taking ¢ = —7, then interval becomes —z < X < 7 and (i) becomes
ao——f x)dx, a, :—J' x)cosnxdx, b, == J' x)sinnx dx
Dirichlet’s conditions: (RGPV Feb 2007)

Any function f (x) can be expressed as a Fourier series
f(x):a—zojLZan cosnx+ » b, sinnx
n=1 n=1
in the interval (0,27)or (—7z,7), where a,,a,,b
satisfies the following conditions:
(i)  f(x) isperiodic.
(i)  f(x) anditsintegrals are finite and single val ued.

are constants provided that f ()

n

(i) f(x) hasafinite number of discontinuities.

(iv)  f(x) hasafinite number of maximaand minima

when these conditions are satisfied, the Fourier series convergesto f (X) at every point

of continuity. At a point of discontinuity, the sum of the seriesis equal to the mean of the
limits on the right and | eft.

e. %[f(x+0)+f(x—0)]

where f (x+0) and f (x—0) betheright and left limit.
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Parseval’s theorem:- Let the Fourier series

f (x):a—2°+ilan cosnx+ibnsin nx,
-

n=1
If f(X) convergesuniformly to f (X) at every point of theinterval (0,27) then

%J.OZ”[f (x):|2 dx :a—§2+ (an2 +bn2) .

n=1
IHlustrative Examples

Example 1. Find a Fourier Series to represent X —x°from X =—7z toXx= . Hence
show

2
1 1 2 1 =% (RGPV Feb2005, dune 2006, Feb 2010)
2 2F 4 12
Sol: Let f(X)=X—X2, - <X .

Fourier Series over theinterval (—7,7) be

f(x):%+iancosnx+ibnsinnx ()

= n=1

Now,

_l” _y2
ao_ﬁj'_ﬂ(x x)dx

_ix X[ 2

2 3| 3

L2
an—ﬂj._”(x X )cosnxdx

:1“.” xcosnxdx—Jw x2 cOSnX dx}
/R d

1~ . i )
= ——j x? cosnx dx, (sincexcosnx isan odd function. )
7z' -7
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_ 1 {Xzsmnx} _Jn szmnxdx}
n | =" n

1[ ,sinnx cosnx _sinnx |
=——|x? +2X 2

= zl n n2 n3

:_%[Mcosnn] [-ssinnnzo, cosn7r=(—1)"}
T
4 n

= _F(_l)

1 v .
b, :;'[_”(x—xz)smnxdx

:EUH xsinnx—r xzsinnxdx}
/A R d

1¢en . . ) ) .
:—I Xsinnxdx [smcexzsmnx isan oddfunctlon.}
7z' -
1 cosnx |” # COSNX
=—|<{-X +_[ >— dx
Vs n J_, J=n

[ cosnx sinnx|"
=] —x +7
n n® |

1

T

1]  cosnrx cosnyz}
—_ T /4

T

L n n
2 n
=——(-1
(1)
Hence (i) becomes
2 o (_ n o [ _ n
x—xzz—”——42@cosnx—zzﬂsinnx
3 n=1 n n=1 n

=L 4
3 1 22 3 1 2 3

7t COSX COS2X COS3X sinx sin2x sin3x
4 + - |+ 2 - —

- +
12 2 F 1 2 3

7’ {cosx cos2X Cos3x } {sinx sin2x  sin3x }
- + - +..|—2| - + - +...

3
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Putting x =0, we get

Example 2. Find a Fourier Series to represent the function f (X) = X+ x%in the interval

- <X<L7T.

r? 1 1 1
Henceshow that — =1+ + S +—+... (RGPV Feb 2006)
6 22 3 4
Sol: Let f(X)=x+x*, —z<x<7.

Fourier Series over theinterval (-7, ) be

o0

f(x)=a—2°+2ancosnx+2bnsinnx (i)

n=1

Now,

a==[" (x+x2)cosnxdx

-

T

= lr (x + xz)cosnx dx [Since x cosnx isan odd function. ]
7Z' 7T

:EJ‘”XZ cosnx dx
V4 0

_ E{xz sinnx ZX(— cosznijr 2(_S|n3nxﬂ
T n n n° )l

2 cosnz 4 n
22 -y
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1~ .
bnzzjlﬁ(wrxz)smnxdx
1~ . . . . .
:—j Xsinnxdx [smcexzsmnx|san0ddfunct|0n.]
72' -

27 .
:—j xsinnxdx
T 0

n
E{_ncosnz} _ 2
Va n n
Hence (i) becomes

2 o (_ n o (_ n
X+ x2 = ”—+4Z@cosnx—22ﬂsinnx
3 =1 n n=1 n
2
=—+ 4[—cosx +

3

w

€c0sS2X €o0s3x . sin2x sSn3x
— - +..|-2|-sinx+ - +...
2 3 3
7’ [cosx COS2X  COoS3X } [ . sn2x sin3x }
- + - |+2|Sinx— + -

=L 4
3 r 2 F 3

Which isthe required Fourier Series.
Now putting X = 7 and X = —x in equation (2), we have

2

7[+7[2:7r_+4[1+i2+i+"} e
3 2

32

2
and —7r+7z2=%+4{1+2—12+3—12+..} )
Adding (3) and (4), we have

2
27% = il +8[1+i2+i2+..1
3 2° 3

2
:>7r—=1+i
6

> +?+...
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Example 3 Find Fourier Seriesrepresented of f (x)=xsinx, 0<x<2x.

(RGPV June 2004, June 2007, Dec 2008)

Sol: Let f(x)=xsinx, 0<x<2z

The Fourier seriesof f () in (0,27)be

f(x)==

Now

0

+Ya,cosnx+ Y b, sinnx (D)
n=1

n=1

1 2z
a, :;jo f (x)dx

1 2r . 1 . 27
=;IO xsmxdx=;[x(—cosx)—(—smx)]0 =-2

1 2z
an:;IO f (x)cosnx dx

1271'

=—| xsinx cosnxdx

72' 0
1

1

1

2z )
=—|  x(2sinxcosnx)dx
27 Y0

x[sin(n+1)x—sin(n-1)x]dx

[--2cosAsinB =sin(A+B)-sin(A-B)]

n+1 n-1

—X{_ cos(n+1)x COS(n—l)X}_{—gn(nJrl)X +9n(”‘1)XHz”

(n+1)2 (n—l)2

L 2;;{_ cos2(n+1)z cosz(n_l)ﬂH

n+1 n-1
1 2

n+l n-1 n?-1

, ifnz1



12 Engineering Mathematics - Il

Butif n=1, then

1,2z
alz—J' xsin x cosx dx
790

1 2 .

=—| xsin2xdx
2 90

_ A [, [ _cos2x) ( sin2x S
2 2 4 o 2

b, %J'OZH f (x)sinnxdx

12z . .
:—j Xsin xsinnxdx
7Z‘ 0

%K”x[cos(n—l)x—cos(n +1)x ] dx

I

_1 X{sin(n—l)x_sin(n+1)x}_{_cos(n—12)x+cos(n+12)x
27| n-1 n+1 (n-1) (n+1)
:i_COSZ(n—l)iz_COSZ(n—i—l)iZ_ 1 1 }

27| (n-2)° (n+1)° (n-1)* (n+2)°

:i_ t 1 + 1 =0 ifnzl
27| (n-1)° (n+1)° (n-2)° (n+1°|

Butif n=1, then

1e2e . .
blz—j xsinxsin xdx
7Z' 0

:ir”ngnzxdx
27 Y0
1 2z
= x(l—cost)dx
2770
1 [ sin2x X?  cos2x o
=—| x| x— N A
27[_ 2 4 o
B 2
=i 272'.27[—4L—l+1 =
27[_ 2 4 4
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Hence Fourier Series (1) becomes
f(x)=%+aicosx+blsinx+2ancosnx+0 ("~ b, =0)

XSinx

n=2

1 ) 2 2
:—1—§cosx+7rsmx+z cosnx

(1

1 : 2 2
=-1-—C0SX+ 7SN X +-——-C0S2X + ——+—COS3X +...

(2*-1) (3-1)

Example 4. Find the Fourier Seriesto represent the function, if

f(x)=

-, —w<Xx<0
X, O<x<rx

2
Hence deduce that z :%2+3—12+5—12+... (RGPV Dec 2004, Feb 2007, Dec 2008)
Sol: Let f(x)=a,+ Y (a,cosnx+b, sinnx) (D)
n=1
where
1 ¢
a,=—| f(x)dx
° 2zl ( )

2 -~ T
1, o  1[xT[
=—=[x] +=—|=
21 Ton| 2 |
_r. 7 _
2 47 4
2 oz
a,=—| f(x)cosnxdx
2 -~

T

i|:J._0”(—7Z cosnx) dx + j: X COSNX dx]
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B . 0 . T
_1 {_ﬂsmnx} +{X(snnx)_(l)(_cosznxj} }
T n x n n 0
1 0+C052””_i2}
| n n
_cosnz -1
n?
If niseven cosnz =1then a, =0 ie. a,=a,=....=0
If nisodd cosnz =-1 thena, =— e o2 a2 etc
" ﬂﬁ"% mf’% 7.3
and
b, =£J.” f (x)sinnxdx
2 97
:E_J'o (—ﬁénnx)dx+j”x9nnx dx
71'_ -7 0
1_ mcosnx |’ cosnx sinnx\|”
-~ - -
T n . n n 0
_ 1z mcosnz _7Z'COSH7Z'+O} _1-2cosnz
zZ|ln n n n
.if niseven cosnz =1then b, =—1, ie. b, =—1, b, =—£etc.
n 2 4
If nisodd cosnz =—-1thenb, =§, i.e. b1:§, b, :§, b, =§etc.
n 1 3 5
Now putting valuesin (1) then required Fourier Seriesis
f(x):—z—g{%cosx+i20053x+izcosSx+...}+
7|1 3 5
§sinx—lsin2x+§sin3x—... (2
1 2 3

To find the sum: At X = O the series converges to
f (0+0)+ f (0-0)
2

—7z+0__£
2 2
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and at X = 7 the series convergesto
f(—7z'+0)+ f (72'—0) -+

0
2 2

TheL.H.S. of (2) is %at x=0andisOat X =7

Therefore putting X =0in R.H.S. of (2) we get

T T 2[1 1 1 }
T e e e

or
#Z_ 1,11
8§ £ # 5

Example 5 Obtain the Fourier Seriesfor f (x)=e*intheinterval -7 <Xx< 7.

Sol: Suppose that

f(x)=a, +ian cosnx+ibn sinnx
n=1 n=1

Now
= [ (1)ix == | o
=%[ex]ﬁﬁ =%(e” —e)= S”r”
a, = ifﬂ f (x)cosnxdx = %J'_”” e* cosnx dx

:1{ ¢ 2(1.cosnx+nsinnx)}
z|14+n .

L
_m[e cosnz —e~* cos( nﬂ)]

cosnz (e —e)= 2(-1)"sinhr
7Z'(1+ nz) 72'(1+ n2)

(D)

15
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:—j smnxdx

=—j e*sinnx dx
7[ -

7|l1l+n
1

_ —2)[(—n)e” cosnz —(—n)e " cos(-nr) |

7Z'(1+ n

=1{ € ~(1.sinnx— ncosnx)}

_ (—n)cosnzr(e,, _e_ﬂ)

7r(l+ n2)
_=2(-1)"nsinhz
- 7[(1+ n2)

Now putting values of a,,a, &b, in (1) we get

f(x)=e" smh i (1smr)17z cosnx—nsinnx)
n=1 +Nn

et = 2sinhx E—%(cosx—sinx)+%(0032x—23in 2x)+..}

V4
Which is the required Fourier Expansion.

Example 6. Find a series of sines and cosines of multiples of x which will represent
f (x)intheinterval (—7z, ) then

0 - <x<0
f(x)=491

—zX O<x<r«w
4

Sol: Let f(x):aoJri(an cosnx +b, sinnx) (D)
n=1



Fourier Series

a, :%I”” f (x)cosnxdx
1 ¢o 1 ex
== f dx+=—| f d
”I_” (x)cosnx x+7[j0 (x)cosnxdx

:0+1I”17zxcosnxdx
04

1{ sinnx ( cosnxﬂ”
L s
4 n n 0
1 1
=—| 0+—(cosnr -1
7| 0+ (cosnr-1)|
1

-l

Now if nisodd

() =1
g o171 1
" 4n? 2n?
1
ATy BT

Andif niseven

(1) =1
1-1

an:R:O’ a2=a_4= =O

Similarly we have

b, = ——(-1)"
== (-1

2)

17
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T T T
b, =— b =—b,=——...
242" 43" a4
Now putting valuesin (1) we get
f (x)=a, +(a,cosx+b, sinx)+(a, cos2x +h, sin2x) +......
2

1 T . T
=—+4| —=C0SX+—8iNX [+| 0———sin2x | +.
16 2 4 4.2

(— 12 COoS3X + lsian] +.....
2.3 4.3

Example 7. Find the Fourier Series expression of the function f () given by

f(x)=|x| for —z<x<z (RGPV Dec 2005, Dec 2007)
Sol: Let the Fourier Series be
f(x):a—2°+iancosnx+ibnsinnx (1)
n=1 n=1

Now,
aO:%r”f(x)dx
1 7 1 0 V4
== dx=— —-x)d d
”J._”|x| X EU_”( X) x+J.Ox x}
U 2) \2)| 7xl2 2|
1 ¢n
== f d
a, ”'[_” (x)cosnx dx
:lj” |X| cosnx dx
72' -

- EUOE(—X) cosnx dx + I: X COSNX dx}

T
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2 oz
:—I X cosnx dx
T 0

2[ sinnx (—cosnx)| 2 2 ,
T {X n ( n? ﬂo zn’ 7|cosn7—1] = zn? [( ) }

:—j smnxdx

=—j |x|sinnxdx
-

=£U°ﬁ(—x)sinnx dx+j§xsinnxdx}

7
=0

Putting the value of a,,a,,b, in (1), we get

Even and Odd functions: A function f(x)is said to be an even function if
f(-x)=f(x),eg. cosx, x*, x’sinx, etc.

A function f (X)issaid to bean odd function if

f(—x)=-f(x), e.g.sinx, x°, x> cosx, x*sinx etc.

The Fourier Seriesof f (x)intheinterval (-7, )is given by

f(x):ao+iancosnx+ibnsinnx (D)

n=1 n=1
For even function:

/2

a=—|, f (x)dx

:—I; f cosnx dx
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and b, =0

.~.from (1), The Fourier Series becomes

f(x)=a, +Zw:an cosnx
n=1

Henceif f (X)isan even function then Fourier Series contains only cosine term.

For Odd function:

a,=0, a,=0and b, =%I: f (x)sinnxdx

.. from (1), the Fourier series becomes
f (x)=>_b,sinnx
n=1
Henceif f(X)isan odd function then Fourier series contains only Sine term.

Half Range Fourier Series: If ahalf range series for afunction f (x) is desired, then the

function is defined in the interval (0,1), (i.e. half of theinterval (—I,1)and is said to be
half range.)
Thus we can obtain the Fourier series either COSINe seriesor Sine seriesonly.

Cosine Series: If f(x)is an even function defined on interval —l<x<I.Then

cosine Fourier seriesin half rangeinterval (0,1) becomes

f(x) =a—2°+ian cos(@j

n=1

where a, :TZI; f(x)dx and a, :%E f (x)cos(@jdx, n=123,..

Sine Series: If f (X)isan odd function defined on interval —I < x <1, then Sine Fourier

seriesin half range interval (0, I ) becomes

f(x):gbnsjn[@j



Fourier Series
. (nzx
where =—j ( 4 jdx N=123,...
Example 8. Find Fourier Series representation of f () =|x|intheinterval —I <x<I.
Or
Find cosine Fourier seriesof f(x)=|x| in (0,1). (RGPV 2001)

Sol: Let f(x)=|x|, whichisan even function in theinterval (—I,1)

~.cosine Fourier seriesof f (X)in half rangeinterval (0, 1) becomes

f(x):?+2a cos(nij o.n(D)

n=1

Now,
2
aO:T :—I |X| dx
:T.[onX (Y =x 0<x<I)
_2rF
=T
and

sn N7 X N7z X

2 o e
=—|<X I —J- I dx

| Nz (1 V/4

I 0 |
|
COSnﬂX

2

=—| 0+ !

21
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2 17
= (cosnz —cos0)
2l n
-l
when n is odd, an:—n;LIZ
T

whenniseven, a, =0

Hence Fourier series (1) becomes

f (x):l—il > icos(%j
2 I

2 2
/A )
X 3rX 5rx
| 4 COS— COS—— COS——
=——— L, L, L,
2 12 3 52

Example 9. A periodic function of period 4 is defined as f (X)=|x|, —2< X< 2.Find
its Fourier Series expansion. (RGPV Dec 2002)
Sol: Taking | = 2in the above example 8 and proceed.

Example 10. Find a Fourier seriesto represent f (x) = x?intheinterval —I < x <l.

(RGPV June 2005, Feb 2010)
Sol: Let f(x)= x%is an even function in the interval (-L1).

o0

" f(x):&jt ancos@ (1)
n=1
_2 I B [
aO_TJ'Of(x)dx = x* dx
Now, _E(X_gjl _lz
I3 3
a, :TZ-[; f (x)cos@dx
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23

Nz Nz . NxzX
2| S T N
| nz n2r2 n3z3
| |2 N 0
41? n
“w Y
Hence the Fourier series (1) becomes
3 2 = (1)
el & ( 2) o057
3 775 n I
* 4% 1 X 1 2zx 1 37X
= — — ——ZCOS—‘l‘_zCOS___z — t
3 1 I 2 I 3 I
, 1B 4Pl 1 zx 1 2zx 1 3rx
=———5| 5 C0S——— C0S——+— C0S—— —......
3 7|1 I 2 I 3 I

Example 11. Obtain the half range sine series for f(Xx)=7zx—x%in the interval

O<x<o.
Sol™:- Let the Fourier Sine series be

£ (x)=3 b, sinnx
n=1
where

bn

2 7 .
;jo f (x)sinnxdx

= E_[:(ﬂx - xz)sinnxdx
T

(w0 -

(0—0)+{(7z— 2x)

cosnx
n

V2
j}o
. V2
sinnx
n° J,

~ _f;(” ~ 2X)(— CoSNX

(RGPV June 2005)

d
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_ E[O— 2cosgnx}
7 n® |

=— ig [cosnz —1]
T

- —i[(—l)” —1}

zn®

Hence the required Fourier half range Sine seriesis

aX— X% = i(— 4 j[(—l)" —1]sinnx

3
RN

——i —ESinX—ESin3X—£Sin5X—
pu e 3 7 SINSX—..oe.
8

=— lsinx+isin3x+isin5x+
ke 3 7 SINSX ...

Example 12. Express f (Xx)=xasa

(i) Half range Sine seriesin 0< X < 2. (RGPV June 2006)
(i) Half range cosine seriesin 0< x < 2. (RGPV Jan 2007, June 2009)
Sol: (i) Thehalf range Fourier Sine seriesbe
f(x)=Yb,sinZx (1)
1 2
22 . NzX
where b, =31, (x)sin—=dx
2..n
— ["xsin 22X gx
2
2
Nz X nzx
COS—— 5
= x| - —| =
nz n?z?
2 4 o
4



Hence the required half range sine seriesis

n=1 Nzt 2

4| . zx 1. 2zx 1 . 3rx
=—|sSn—-=sn—=+>=sn——

T 2 2 2 3 2

(i)  Thehalf range Fourier cosine series be

f (x)=&+ y a, cos X
=i 2

where
:—j dx _I xdx =2
:—j cos—dx
=I xcosnidx
0 2
. nrzX Nz X ’
sin—— 0S———
=| X —| - 2
nr n27r2
2 4 o
4 n
el (]

Hence the required half range cosine seriesis

Fourier Series

41 &1 n nzX
X_1+?;F[(_l) —1}0057

4 2 X 2 3rx 2 5rx
=1l+— ——Zcos———zcos———zcos—— ......

T 1 2 3 2 5 2

8{1 nt 1  3zx 1 _ 5zx }
=1-—| 5 C0S— +—COS—— ——COS——— +......

1 2 3 2 5 2

(2

25

Example 13. Find the half range Sine Fourier series for the function f (x)=Xin the
(RGPV June 2007)

interval 0< x < 7.
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Sol: The half range Sine series be

Zb smm

For theinterval (0,7),

:ibnsinnx (1)
n=1
where
b —EJ.”f(x)sinnx dx
n = T 0

27
:—'[ Xsinnxdx
T 0

L]

st

2[ xcosnx sinnx |
7 n n* |,

(-1’

Hence, the half range Sine series be

X = i(—%)(—l)” .sinnx

n=1

2
_—%(ﬂcosnﬂ) =—

Example 14. Find the half range cosine Fourier series of the function:

‘i 2t, O<t<1
(t)= 2(2-t), 1<t<2 (RGPV June 2003)

Sol: The half range cosine Fourier seriesin (0,2)is

nzt

i cos— (1)

)
2



where

Nzt

n t
il cos— dt

cos—dt+j

-[10)

_JZtCOSnﬂ'tdt_'_J‘ nzt

2(2- t cos—dt

1
nzt
COS——

nzt
sn—
2

Fourier Series

n?z?

| n’z? 2 n’r’
8
a =

n 2_2

{Zcosn——l cosn;z}
n%g 2

For n=1,
—L[ZCOSE—l—COSE}—O
% 1272 2
For n= 2,

——[2cosz —1-cos2r]|= 32

a —_—
2 22 2 22 72,2

(.‘.

T
cosrz =-1, COSE

(...

cos2z =1)

27

0)
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For n=3,

= —32 5 {Zcos%Z -1- 00537:} =0 (- COS%T =0,c0s37 = —1)
T

a, = 428 ~[2cos2z —1-cos4z]|=0
For n=5,
a; =0

For n=6,

8
a6 =W[2COS37T—1— COS67Z'] = —F

32
a7:0,a8:0,a9:0,a10:—mandsoon.

*. Half range cosine series becomes

32

f(x)=1- 2{21 cos;;t+61 C0837zt+%00857zt+ ...... }

0, —-7<x<0
fx)= x*, 0<x<
, 7 (RGPV Dec 2003)
Sol":- The Fourier series be
f(x):a—2°+iancosnx+ibnsinnx (D)
n=1 n=1
where 2, = [ £ (x)==| [ f (x)ax+ [ f ()
T T - 0
:EUO de+J‘”x2dx}:
T - 0

r
3
:l i f cosnx dx = U_O 0.cosnx dx+_|'0” NG cosnxdx}

7[ -7
1|:{ smnx} }
==[{x
T
2{ cosnx sinnx}” 2
=——|—-x + =
n n” |, n

2 n
=< (-1
— [z cosnz]=—=(-1)



Fourier Series

LN f (x)sinnxdx

0 . T o, .
J: O.smnxdx+j0 X smnxdx}

I T
cosnx # .. COSNX
—x? + J. 2X dx
n J, J° n

7 (-1 z{xsin nx cosnx}”}
+Z n
0

Nk Nk Yy
I 1

N |~

n n n n?

it

Hence the Fourier series becomes

/\

a ‘

2
f(x)= %— 2[cosx—2—12c052x+3—120053x —— } -

Example 16. Obtain the Fourier series for the function:
X, 0<x<1
F(x)=
7(2-x), 1<x<2

(RGPV June 2002, Dec 2004)

Sol: The Fourier series be

f(x)=a—2°+iancosnx+ibnsinnx (D)

n=1 n=1

where
a, :jlf X dx+j2f X dx
_J.zrxdx+_|. 2 xdx

2

2t 2
=7Z'|:X—:| +7{2X—X—} =r
2 |, 2
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1 2
a = _|'07zxcosnxdx+‘|'1 7 (2—x)cosnx dx
. 1 . 2
sinnzx cosnzx sinnzx cosnzx
R | e e
nz n"z 0 nz n"z 1

_(cosn;: 1 ] [cosanz cosn;:j
n’z n’z

n272' n27Z'2

-2 (1" -1

nrz

b, :EnxsinnzrdeJrJ':;r(Z—x)sinnzrxdx

_ {ﬂ'x(_ Coi?[ﬂxj_,,(_ Si:zf;;Xﬂ: {n(z—x)(— COEZ”X)_(_,,)[_%)I

cosnz N cosnrz

n n
Hence the required Fourier series becomes

7w 4| cosxX C€oS3zX Coshrx
f(x)==-— O et e b
2 x| I 3 5

Example 17. Obtain a half range cosine series for

=0

kX, for0<x< !
f(x)= 2 (RGPV Dec 2004, Feb 2006)

k(I-x), for lZSXSL

Sol: Let the cosine series be

f(x):5+ y a, cos@ ()

n=1

:IE Iolzkxdx+.fik(l—x)dx}



Fourier Series

—|nN

5] s
Al S

N
=
N

2

— cos—dx

T j |

2| (3 nx
=— J. kxcos—dx+j cos—dx

1K |

i 1§

2 2 2

_2 kxl—sinnﬁx+k i Zcosnﬂx + k(I—x)LsinnﬂX—k i zcosnﬂ

| Nz | Nz | o Nz | Nz |

2[ (K2 . nz K2 nz i K2 . nz K2
== sin—+——| cos—-1 — N—+—— CoS—

| | 2nrzr 2 nrx 2 n2z? 2nr I nx
—3_2“2 cosn—”——kI2 ——k|2 cosnzr

| n2ﬂ2 2 n*z? nz?

n
T ner?

For n=1,

24l [Zcos%[—l cosn;r}

2kl Vs .

For n=2,
2kl
8= ——[2cosz —1-cos2r]|= —2 (rcos2z =1)
2r
For n=3,
.= fklz |:2C053—7Z. —1 COS37ZC| O (.0. COS3_7Z. — 0, C0537Z' — _1j
3 2 2
For n=4,
2kl

a4—427[2[200527z 1-cos4rz|=0

31
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For n=5,

-8kl —
3.5=0, a6=ﬁ, a7=0, as=0, ag=0, alo=mandsoon.
.. Fourier cosine series becomes

kl 8k|[1 2rx 1 6zx 1 107X }
f(x)———— = +—.C0S—— + —.C0S F o

= .COS——
4 7°| 2 | 6 | 107 |

Example 18. Expand f(x)=+v1-cosx ,0<x<2z in a Fourier series. Hence
evaluate

1 1 1
13 35 57

Sol: Let f(x)=+1-cosx :\/Esing

The Fourier series be

T (RGPV Sept 2009)

f(x):a—2°+iancosnx+ibnsinnx (1)

n=1 n=1

where
1 p2z . X
a, =— 2sin—dx
0 72"[0 \/_ 2

- %[—mosgr W2

0 VA
a :irﬁx/ﬁsinfcosnx dx
"oogdo 2

= ﬂ 2”Zcosnxsinidx
27 ¥0 2

:ﬁfr{sin(n +%]x—sin(n—%]x}dx

1 [ -2 (2n+1} 2 (2n—1j 2
= COS X+ COS X
S2r| 2n+1 2 n-1 2 ,
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2 -1
:E{2n+l{cos(2n+1)7r—l}+Zn_l{cos(Zn—l)ﬂ—l}}
V2[ 2 2] -4l
_7[2n+1_2n—1} ~ x(4n? 1)

( cos(2n+1)z =cos(2n-1) = —1)
b, :H”ﬁsinﬁgnnnxdx
790 2

\/5271' X

=—| 2sinnzx sin—dx
27 v0 2

—ir” cos n—1 X — COS n+1 X | dx
~ J2r o 2 2
2r

1[ 2 . (Zn—lj 2 (2n+1}
= sSn X— sn X
J2r|2n-1 2 2n+1 2 )7,

J2 . 1 ..
=— 2n—-1)7-0{ — 2n+1)z -0
. [Zn—l{sn( n-1)z } 2n+1{sm( n+1)z }}
=0
Hence the required Fourier series becomes
202 & 42
f(x)= - cosnx
( ) Vs ;72’(4[’12—1)
when x =0, we have
22 42& 1
0= -
T ps §4n2—1
e 1 1
or ==
~An?-1 2
1 1 1 1
or'—+—+—+...... ==
1.3 35 57 2

Example 19. Find the Fourier series expansion of f (x)=2x—x*in (0,3)and hence
deduce that
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2
1 1 1t 1...== (RGPV June 2008)

__+__
1? 22 3 4 12

Sol: The required Fourier series be

f(x):%+ian Cos@+ibnsin@ where 21 =3 (D)
n=1 n=1
where
1e2 2 3
aO:T[O f(x)dx:gjo(Zx—xz)dx
2 3T
=2x-X ] -0
23],
a, :le;l(Zx—xz)cos@dx
23 2nzX
:§J‘O(2x—x2)cos 2 dx
3
2nX —€0S2nX —sin2nzx
2 2 oS 3 2 2 3 2 3
= — 2 —_ —_— —_ _—_— —_ _—_—
3 3 3 ,
2 9 -9
ZE.W[—40052n72'—2] :W
1,2 . NzX 23 . 2N7mX
bnzl—J.0 (2x—x2)sdex:§I0(2x—x2)sm 2 dx
r 3
—C0S2n7r X —sin2nzx coSs2nrX
_2 2 3 3 3

SINNC
3 3 3 ) |

e —%(cosZnn —1)} -3

3| n°z? an°r nz




Fourier Series

Hence, the Fourier series becomes

=9 nzx & 3 . 2nxX
2X—x*=-) ——C0s +Y —sin
~nr 3 ~nz 3

3
Putting X = E we have

9 > 9
3——=-» ——cosnr
4 nZ:;‘ n’z?

1 1 1 1 7

of = ———+———+
? 22 F 4 12

Example 20. Expand

35

1—x, ifO<x<1
JORN 3 1 i
x——, If =<x<1
4 2
asaFourier seriesof sine terms. (RGPV Sept 2009)

Sol: The Fourier sine series be
f(x)=>_b,sinnzx
n=1
where

b, :%J‘:f (x)sinnzxdx

i . 1 3).
=2 IZ ——X SInn7zxdx+.|.1 X—— [sinnzxdx
[o\4 a4

(1)

1

Nz n-z

_ 1
1 cosnzX sSnnzx |2 3\cosnzx Snnzx
=2|-| ==X - +2| | Xx—— +

4 |, 4) nrx n“z? |1
2
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sinn” sinm
1 nt 1 2 1 1 nz )
=2| ——COS—+ -——5 - cosnz — COS— ——5—5
Inrz 2 4nr nm dnrz Inrz 2 n°z
1 4sinn;
=—|1-(-1)" |-
2n7z[ ( )} n’z?
For n=1] blzl—iz,
T T
For n=2, b,=0,
1 4
For n=3 b,=— ,
* 3r Fx?
For n=4, b,=0,
For n=5, ! 4

For n=6, b;=0 andsoon.

Hence Fourier sine series becomes

1 4). 1 4 ). 1 4 ).
f(x)=| =—— |snNzX+| =——=— |SiN37X+| ———=— |SN37X +......
T 3r 3Irx 50 5nx

Example 21 1f f (x)=|cosx|, expand f (x)asaFourier seriesintheinterval (-7, 7).

Sol: As f (—x)= ‘cos(—x)‘ = |cosx|= f (x).
Thus |cosx|is an even function.
Therefore, the Fourier series be

f(x)=a—2"+ian cosnx (D)

n=1



Fourier Series

where

a :Er|cosx|dx
0 T 0

2[ .
- ;D‘Oz cosx dx + IZ (—cosx) dx}

-2l fsns - amxz |4

T 2 T

2 ox
anz—f |cos x| cosnx dx
72' 0

2| ¢= x
- _D'OZ COSX CoSNnX dX + J',[ (—cosx)cosnx dx}
2 2

1 s

sin(n+l)x+sin(n—1)x %_ sin(n+1)x+sin(n—1)x
n+1 n-1 n+1 n-1

sin(n+1)% sin(n—l)% sin(n+1)% sin(n—l)%

:1 + + +
T n+1 n-1 n+1 n-1
i Nz nz
2 COS— COS—
_ 2 2
n+1 n-1
—4cosn§
= , h=l
7r(n2 —1)

For n=1 a1:E J.Zcoszxdx—J.:coszxdx}:O
|0 3

==| [2{cos(n +1)x+cos(n—1)x}dx—f,;:{cos(n +1) x+cos(n—1) x} dx

4

37

|
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Hence Fourier series becomes

2 4|1 1
|cosx| 4= 3cost—Ecos4x+ ......

VA T
Example 22. Provethat in O0< x <1 : x=1—i|2 cos”—x+izcos%+ ...... and
2 Il 3 |
4
deducethat =+ =+ = =7 (RGPV Dec 2003)
* 3 5 96
Sol: Let f(x): X, then cosine seriesin (0,1) be
Z cos— )
n=1
where
I 2
ao—E xdx=g.—:l
| Jo I
2 ¢l Nz X
a =— xcosde

|
-2 1 (- nzX
=—.—| —Cos——
| nz\nz I o

2l 2l n
= r]27[2(cosn 1)=n2—7[2[(—1) —1}

Hence Fourier cosine series becomes

2

Nz X
X = ]

—2[(—1) -1 COST

|
2 &g
(2
| 4|[ r 1 3z 51 }
= ———| C0S— + — CO0S—— + — COS—— + ......
2 7 2 3 I 2 I
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Now, using Parsevel’s theorem

Lf[ux)de beal
L[ l:Izz +§d(n—24|2j2}

T
Pl E_16'2[1+i+i+ j
3 2|2 \1* 3 5 77

20 1? 16|2(1 1 1 j
— +

=
3 2

j—_'z_ﬂz(ggg j
6 (1 3 5 77

1.1 1.
o5 - T tEr
Example 23. Obtain the Fourier series for the function f (x)=x*, —7 <x <. Hence
deduce that
L~ 1 1 1 72
1) =———+——...... =— RGPV June 2009
( ) 12 22 32 6 ( )
.. 1 1 1 °
(||) —2——2 > T oaiaaas - —
1 2¢ 3 12
(iii) l+i+i+ —ﬂ—z
FrE e 5
4
(iv) 14+i4+i4+ ...... -Z_ (RGPV June 2008, Dec 2010)
1" 20 3 90
Sol: Let f( ) . .e. an even function then Fourier series be
f(X)=a—20+Zan coSnx (D)
n=1
where
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2 or
a, =—_|' x? cosnx dx
T 0
2[ ,sinnx —cosnx —sinnx\|"
=% —2X — |+2 ~
r n n n

:E{Zﬁ COSznﬂ'}:i(_l)n
VA

n

Hence Fourier series becomes

7[2 oo(_l)n
X* =—+4) +—-cosnx
3 nZ; n’
X2_7[_2_4(COSX_COSZX+COSBX_COS4X+ ] @
3 it > 3 e
(i) Putting X =7, we get
2o (j_i_i_i_ j
3 A A
2 (il i)
3 ettt
2
:1i2+2_12+3i2+4_12+ ...... -z
n®
(i) Putting x=0, we get
0% _ (i_i+i_i j
3 vt
11,11 A
o223 48T 12 (d)

(iii) Adding (3) and (4), we get

Jft 1. 1. _z

Tty e T "

1 1 1 2
= + e =

T2t =2
1?2 3 5 ..(5)
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(iv) Using Parseval’stheorem:

+
o 18 3
1 2. &16
—| ==z +r) —
5| 9 s
2 2 _ 6ﬂ(1+ +i+ j
c 9 F gt
8r° 1 1 1
—=16 —+—=+......
45 ”(14 s ]

Practice Problems

1. Find the Fourier series representation of f (X) = XCOSX, — 7 < X< 7.

1 2n(-1)"
[Ans 7smnx+z (n _1) smnx]

2. Obtain Fourier series expansion for f (x)=xsinx in the interval -7 <X <7

Hence deduce that - = = +
4 2 13 35 S.7

3. Find the Fourier series to represent the function f (x)=|sinx|, -z <x <.

{ 2 4 {cost cos4x ﬂ
Ans, ——— + +o

T T 3 15
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. 7TX
4. Find the half range cosine series for the function f(x)=S|n7[—, O<x<l.

(RGPV Dec 2005)
27X 4 X 67X
COsSs—— COs COos
Ans. E — i I + I + I + o
T T 1.3 35 57

e " intheinterva 0< X < 2.

5. Obtain the Fourier seriesfor f (x)

-2
AnNs. i 1+ lcosx+lc052x+icos3x+ ......
V4 2 5 10

Find the Fourier seriesto represent the function

0, -r<x<0
f(x):{ "
sinx, 0<x<r
Hence show that i+i+ ...... zl
13 35 2
Ans:l—E Ecost+icos4x+ ...... +lsinx
T 7|3 15 2
7. Find the Fourier series expansion of the periodic function of period 27, defined
e —T Vi
X, if —<x<§
by f(x)=
y ( ) V4 3T

T—X, If —<x<—.

2 2
4)s8nx sin3x sinbx

Ans. — TR + e :

7
Expand the function f () in Fourier seriesin theinterval (—7,7):

2 <x<
f(x):{xx’ —:sisg.
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Ans:z—g[lzcosx+i20033x+ ...... }+3{sinx—isin2x+ésin3x— }
4 r|1 3 2 3

9. If f(x) isafunction defined by
X, o<x<Z
f(x)= 2

T
T—X, —<X<7&
2

Express f(x) by asine Fourier series and also by a cosine series.

. 4[sinx sin3x  sin5x } 7 B[COSZX cos6Xx C0s10x }
Ans —| —————+———..... y——— —t———+ Tt s .
x| I 3 5 4 71| 2 6 10

10. Find the Fourier expansion of the periodic function

f(x):{_k’ —7<x<0

k, O<x<rm

and f(x+27)= f(x).Sketchthegraphof f (x).

4k [sinx sin3x sin5x }
Ans. — + + + e )
T 1 3 5

11. Expand f (X) inaFourier seriesin theinterval (0,2) if

f(X)z{X’ O<x<1

0, 1<x<2

1 1 1 1| . sin2zx Sin3zx
Ans: ——— cos;zx+—2c0537rx+—200357rx+ ...... +—|SinzX— + —
4 r 3 5 T 2 3

12. Find the Fourier cosine series for f(x)=x(7—x) in O<x<z and use
Parseval’ s theorem to prove that

o0 1_72_4

“~n* 90
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13, Find the Fourier series expansion for the function f (x)=x—x? in ~-1<x<L1.

2| 1 2? 3 | 12 2

{ -1 4{0057rx COS27X  COS37X } Z{Sinx sin2zx  sin3zx
Ans, —+ - + — — — —

14. Find the Fourier series for the function

f(x)= r
(x)=11, O<x<2

3

+—...... +
z1 1 3 5 | 1 2

{ 1 Z[COSX cos3x  cos5x } 1[sinx sin2x sin3x
Ans, —+— - - —

15. Express coshx in Fourier seriesin theinterval —z < X < 7.

T n=1

16.  Obtain Fourier seriesfor the function f (x) given by

2X

1+—, -T<x<0
f(x)= 4
(x) oy
1-—, 0<x<rx
T

Hence, deduce that iz+i2+i2+ ...... =—.
¥ 3 5 8

3

1J ]
cosnx

2 1 & (-)'-
Ans. —sinhz| = —
ns. —sin 72'[24-2( =



